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budget equations of DG-COSMO

reference state

ρ(x, y, z, t) = ρref(z) + ρ′(x, y, z, t)
ρθm(x, y, z, t) = (ρθm)ref(z) + (ρθm)′(x, y, z, t)
p(x, y, z, t) = pref(z) + p′(x, y, z, t)

Euler equations with diffusion term

∂ρ′

∂t
+ ∇ · (ρu) = 0

∂ρu

∂t
+ ∇ · (ρu⊗ u + p′I3 − µmρ∇u) = −ρ′gk

∂(ρθm)′

∂t
+ ∇ · (ρθmu− µhρ∇θm) = sθ

∂ρx
∂t

+ ∇ · (ρxu − µhρ∇qx) = sx, x ∈ {v, c}

∂ρr
∂t

+ ∇ · (ρru − vTk) = sr

moist potential temperature and equation of state

θm =
Rm
Rd

T

(
p0

p

) Rm
cpml

p = p0

(
Rd
p0
ρθm

) cpml
cvml
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reformulation and weak solution

prognostic var.: q = (ρ′, ρu, ρv, ρw, ρθ′m, ρv , ρc, ρr),

primitive var.: h = (1, u, v, w, θm, qv , qc, qr) = q+qref
ρ

∂q

∂t
+ ∇ · (F(q)−A(∇h)) = S(q)

reformulation

∂q

∂t
+ ∇ · (F(q)−A(D)) = S(q)

∣∣∣ ∫
Ω

·φdΩ

∇h = D
∣∣∣ ∫

Ω

·φdΩ

weak solution
find q that solves the following equations∫

Ω

∂q

∂t
φ dΩ +

∫
Ω

∇ · (F(q)−A(D))φdΩ =

∫
Ω

S(q)φdΩ∫
Ω

∇hφdΩ =

∫
Ω

D φdΩ

for all test functions φ of function space V .
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approximation, spaces

approximation

grid Ω =
⋃
r

Ωr with x ∈ Ωi ∩ Ωj ⇒ x ∈ ∂Ωi ∩ ∂Ωj

solution q|Ωr ≈ qr :=
d∑
l=1

qrl(t)φl(x), with d <∞
〈φl | l = 1, . . . , d〉 =: Vh ⊂ V

ansatz space and test space

for a given degree κ (this will result in a scheme of order κ+ 1) let

Vh =

〈
φ(x)

∣∣∣∣∣ φ =

3∏
i=1

Pli(xi),

3∑
i=1

li ≤ κ
〉

with Pi is i-th normalised Legendre polynomial.
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Discontinuous Galerkin methods (DG)

Ωr Ωr

(F̃(q(x•))n)? =
1

2

(
(F̃(q•) + F̃(q•))n− λ(q• − q•)

)

∫
Ωr

∂q

∂t
φ dΩr =

∫
Ωr

(F(q)−A(D)) · ∇φdΩr −
∫
∂Ωr

((F(q)−A(D)) · n)?φds+

∫
Ωr

S(q)φdΩr

∫
Ωr

Dij φdΩr =

∫
Ωr

pi
∂φ

∂j
dΩr −

∫
∂Ωr

(hinj)
?φds
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time integration

the spacial DG discretisation results in a coupled system of ordinary differ-
ential equations:

∂q

∂t
= L(t,q).

integrable with Runge-Kutta, predictor-corrector schemes, . . .

time step / CFL

for explicite stable time integration holds:

(|u|+ c)
∆t

∆x
<

1

2κ+ 1
.
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effective resolution / choice of the time step

example

1 DoFs/(2.8 km)2 horizontal, |u|+ c = 350 m
s ,

COSMO-DE fast waves, ∆t = 41
6 s, ∆x = 2.8 km,

κ = 1, ∆t ≤ 4.2 s, ∆x = 4.4 km,
κ = 2, ∆t ≤ 3.4 s, ∆x = 6.0 km,
κ = 3, ∆t ≤ 3.2 s, ∆x = 7.6 km,
κ = 3, (full tensor product) ∆t ≤ 3.6 s, ∆x = 11.2 km
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stencil

FD (Compact-) DG

method of 2. order

method of 5. order

the stencil of a DG method is independent of the order.
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Baldauf/Brdar 2013 [1]

background atmosphere in 2d channel

length L = 300 km, height H = 10 km,
isothermal, hydrostatic

(
∂p
∂z

= −ρg
)
, constant Brunt-Väisälä frequency

T0(z) = T00 = 250 K, p0(z) = p00 e
−δz, ρ0(z) = ρ00 e

−δz, δ =
g

RT00

initial state

T ′(x) = ∆Te
− (x−xc)

2

d2 e
1
2
δz sin

(
π
z

H

)
,

∆T = 0, 01 K,

d = 5 km,

u =

(
20 m

s
0 m

s

)
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Baldauf/Brdar 2013

θ′(t = 30 min)
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convergence (Baldauf/Brdar 2013)
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scalability and speedup

test case for scalability

DG-COSMO COSMO

three dimensional domain
hydrostatic balanced background

initial warm bubble
t = 0 s, . . . , 18 s

16 000 000 degrees of freedom
∆t = 0, 05 s

RK3, κ = 3, full tensor product RK3, adv 5. Order
100× 100× 25 elements 400× 400× 100 elements

speedup and efficiency

Let Ln be the runtime of program P on n CPUs and L′m of program P ′ on m CPUs. The
speedup S(L′m, Ln) of L′m w.r.t Ln and the efficiency Em(Ln) of Ln w. r. t. m CPUs are

S(L′m, Ln) =
Ln

L′m
, Em(Ln) =

m

n
·
Lm

Ln
.
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strong scalability (Cray XC30; warm 3d-bubble)
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average communication time per node
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speedup of DG-COSMO w.r.t. COSMO
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Results of the moist atmosphere

physics coupled

isochor saturation adjustment of Ulrich Blahak (DWD)

Kessler-scheme for warm rain
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WK82 test case [2]

background atmosphere

Profile for θ and relative humidity f

θ(z) =

θ00 + (θtr − θ00)
(

z
ztr

) 5
4
, z ≤ ztr,

θtr e
g

cpTtr
(z−ztr)

, z > ztr,

f(z) =

1− 3
4

(
z
ztr

) 5
4
, z ≤ ztr,

1
4
, z > ztr,

where ztr = 12 km, θ00 = 300 K θtr = 338 K Ttr = 213 K,
qv is clipped to maximum 0.014

constant viscosity µ = 50 m2

s
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where L =
√(

x−xc
rx

)2
+
(
y−yc
ry

)2
+
(
z−zc
rz

)2
, with dT = 2 K,

rx = ry = 10 km, rz = 1 400 m. zc = 1 400 m
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WK82 cloud water

qc, t = 10 min qc, t = 15 min qc, t = 20 min
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WK82 rain water

qr, t = 10 min qr, t = 15 min qr, t = 20 min
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WK82 vertical velocity

w, t = 10 min w, t = 15 min w, t = 20 min
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WK82 total cloud water
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summary and outlook

DG-COSMO . . .

. . . brings a higher order scheme with local conservation properties for the dynamics

. . . has the potential to use NWP high efficiently on exa-scale computers

. . . is ready for the first semi-real simulations

next steps

first simulation with real data

semi-implicit or HEVI scheme (Horizontal Explicit, Vertical Implicit)
I vertical grid spacing does no longer restrict the time step

coupling of missing physics
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